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AXIOM A FLOWS WITH A TRANSVERSE TORUS

C. A. MORALES

Abstract. Let X be an Axiom A flow with a transverse torus T exhibiting
a unique orbit O that does not intersect T . Suppose that there is no null-
homotopic closed curve in T contained in either the stable or unstable set of
O. Then we show that X has either an attracting periodic orbit or a repelling
periodic orbit or is transitive. In particular, an Anosov flow with a transverse
torus is transitive if it has a unique periodic orbit that does not intersect the
torus.

1. Introduction

We shall consider Axiom A flows with a transverse torus on closed 3-manifolds.
Examples of such flows are the suspension of a toral Axiom A diffeomorphism and
the Anosov flows in [BL], [Br2], [FW], [HT] (see also [Br1]). We give sufficient
conditions for the transitivity of those flows based on the following definition. Let
S and O be, respectively, a transverse surface and an orbit of a flow X . We say
that O is essential for S if there is no null-homotopic closed curve in S contained
in either the stable set or the unstable set of O.

Theorem. Let X be an Axiom A flow with a transverse torus T exhibiting a unique
orbit O that does not intersect T . If O is essential for T , then X has either an
attracting periodic orbit or a repelling periodic orbit or is transitive.

The Theorem can be used to study Anosov flows with a transverse torus on
closed 3-manifolds. Indeed, the most classical examples of Anosov flows with a
transverse torus are the suspended ones. Such examples motivated Barbot and Ghys
to conjecture that the existence of a transverse torus suffices for a transitive Anosov
flow to be suspended. This conjecture was proved to be false in [BL], [Br2]. In
particular, [BL] exhibited an Anosov flow with a transverse torus that is transitive
(because it has an invariant volume form) and not suspended (because it has a
unique periodic orbit that does not intersect the torus). The corollary below asserts
that, in general, the transitivity follows from the existence of a unique periodic orbit
that does not intersect the torus. More precisely, we have the following result.

Corollary. An Anosov flow with a transverse torus on a closed 3-manifold is tran-
sitive if it has a unique periodic orbit that does not intersect the torus.

Let us explain the main ideas behind the proof of our results. The foliation theory
[HH] has been playing a fundamental role in the study of Anosov flows on closed
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3-manifolds. This is because the weak stable (unstable) manifolds of the Anosov
flows form codimension-one foliation in the ambient manifold. Now, the weak stable
manifolds of the Axiom A flows do not form, in general, a foliation (even if the flow is
nonsingular and has neither attracting periodic orbits nor repelling periodic orbits).
So, the foliation theory cannot be applied in our context. To overcome this problem,
we shall consider the return map Π associated to the transverse torus T . Briefly
the proof goes as follows: Let X , O and T be as in the statement of the Theorem.
Assume that X has neither attracting periodic orbits nor repelling periodic orbits.
By Proposition 3.6, we have that O is a hyperbolic saddle-type periodic orbit of
X . So, there are two (either equal or disjoint) simple closed curves Cs1 , Cs2 ⊂ T in
the stable manifold of O so that the domain of Π is T \ (Cs1 ∪ Cs2). If X were not
transitive, then there would exist (after reversing the flow if necessary) a hyperbolic
strange attractor Λ that does not contain O. In particular, Λ ∩ (Cs1 ∪ Cs2) = ∅.
Denoting Λ∗ = Λ ∩ T , we would have that Λ∗ is a hyperbolic strange attractor of
Π. Since O is essential by assumption, we have that Cs1 is not null-homotopic in
T . Then, the surface A obtained by cutting T open along Cs1 is an annulus which
clearly embeds into S2. Since A embeds into S2, we have that Λ∗ is a hyperbolic
strange attractor in S2. By Lemma 3.1, we shall find a local basin of attraction
U∗ ⊂ A of Λ∗ such that the image of the boundary curves of U∗ under Π are not
null-homotopic in U∗. By [R, Theorem 9.1, p. 304] we have that U∗ has at least
three holes. Since A is an annulus, it would follow that one of these holes bounds
a disk D in the domain of Π. Since U has finitely many holes, we will find an
iterated Πn of Π such that D ⊂ int(Πn(D)). From this it would follow that X has
either an attracting periodic orbit or a repelling periodic orbit (Lemma 4.1). This
contradicts the assumption and the proof follows. The Corollary will follow easily
from the Theorem.

In §2 we describe the concepts used above. In §3 we prove some useful lemmas.
In §4 we prove the Theorem and the Corollary.

2. Preliminary results

In what follows, M denotes a closed 3-manifold and X = Xt denotes a flow in
M . We always assume that X is orientable and still denote by X the corresponding
vector field (assumed to be C1 at least). Given a subset D we denote by ∂D, Cl(D)
and int(D) the boundary, the closure and the interior of D respectively. An orbit
of X is a set O = OX(q) = {Xt(q) : t ∈ R} for some q ∈M . It follows that a closed
orbit O = OX(q) of X is either singular (X(q) = 0) or periodic (Xt(q) = q for some
t > 0 minimal). If O is an orbit of X , we define

W s
X(O) = {q ∈M : lim

t→∞
d(Xt(q), O) = 0}

and
Wu
X(O) = {q ∈M : lim

t→−∞
d(Xt(q), O) = 0}.

We shall call W s
X(O) (resp. Wu

X(O)) the stable (resp. unstable) set of O.
The ω-limit set of p ∈M , ωX(p), is the set of x ∈M for which there is a sequence

tn →∞ such that x = limn→∞Xtn(p). The α-limit set of p is αX(p) = ω−X(p). A
compact invariant set B of X is transitive if B = ωX(p) for some p ∈ B. The flow
X is transitive if M is a transitive set.

The nonwandering set of X , Ω(X), is the set of p ∈ M such that for every
neighborhood U of p and T > 0, there is t > T satisfying Xt(U) ∩ U 6= ∅.
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A compact invariant set Λ of X is isolated if there is a compact neighborhood U
of Λ such that

Λ =
⋂
t∈R

Xt(U).

An isolated set is attracting if there is U as above such that Xt(U) ⊂ U for all
t > 0, and repelling if it is attracting for the reversed flow −X . An attractor of X
is a transitive attracting set and a repeller is a transitive repelling set.

A compact invariant set H of X is hyperbolic if there is a continuous invariant
tangent bundle decomposition TM/H = EsH ⊕ EXH ⊕ EuH such that EXH is the
direction of the flow and, for some constants λ > 0, C > 1 it follows that

1) ‖DXt/E
s
H‖ ≤ C−1e−tλ, for every t ≥ 0;

2) ‖DXt/E
u
H‖ ≥ Cetλ, for every t ≥ 0.

The Stable Manifold Theorem [HPS] asserts that if X is Cr and p ∈ H , then

W ss
X (p) = {q ∈M : lim

t→∞
d(Xt(q), Xt(p)) = 0}

and
Wuu
X (p) = {q ∈M : lim

t→−∞
d(Xt(q), Xt(p)) = 0}

are Cr immersed submanifolds of M . In particular,

W s
X(p) = W s

X(OX(p)) =
⋃
t∈R

W ss
X (Xt(p))

and
Wu
X(p) = Wu

X(OX(p)) =
⋃
t∈R

Wuu
X (Xt(p))

are also Cr submanifolds of M . A closed orbit is hyperbolic if it is hyperbolic as a
closed invariant set.

A hyperbolic set is a basic set if it is transitive and isolated. We observe that a
basic set either is a singularity or else has no singularities and is the closure of its
periodic orbits.

We say that X is Axiom A if Ω(X) is hyperbolic and the closure of the closed
orbits. It follows from the Spectral Decomposition Theorem [S] that if X has an
Axiom A flow, then X exhibits a finite disjoint collection of basic sets Λ1, · · · ,Λs
such that

Ω(X) = Λ1 ∪ · · · ∪ Λs.

A flow X on M is Anosov if M is a hyperbolic set of X . An Anosov flow is Axiom
A but not conversely.

A hyperbolic strange attractor of a flow X is a hyperbolic attractor Λ of X
satisfying dim(Eu/Λ) = 1. Similarly, a hyperbolic strange repeller is a hyperbolic
repeller Λ satisfying dim(Es/Λ) = 1.

All the definitions and facts above hold for diffeomorphisms [S].
A surface will be a closed embedded 2-manifold S in M . We say that S is

transverse to X whenever X(p) /∈ TpS for every p ∈ S. If S is a surface transverse
to X , we define

σS = {q ∈M : OX(q) ∩ S = ∅}.
Clearly σS is a compact invariant isolated set of X . Denote by

Π : Dom(Π) ⊂ S → S
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the return map induced by X on S, where Dom(Π) is the domain of Π. We denote
by Im(Π) = Π(Dom(Π)) the image of Π.

We finish this section with two examples.

Example 2.1. Let L be the Anosov flow described in [BL]. Then, L has a trans-
verse torus T and and a unique periodic orbit O that does not intersect T . Choose
a periodic orbit O′ 6= O. By DA surgery [BW, p. 9] on O′, we can construct an
Axiom A flow X so that T is transverse to X , O′ is an attracting periodic orbit of
X (in particular, X is not transitive) and O is the unique orbit of X that does not
intersect T . This example shows that the conclusion of the Corollary is false for
general Axiom A flows (instead of Anosov ones).

Example 2.2. Here we show that the condition Ω(X)∩ T 6= ∅ does not imply the
transitivity of Anosov flows X with a transverse torus T . Let L, T and O be as in
the previous example. Denote by M1 the supporting manifold of L. By DA surgery
on O we can construct an Axiom A flow X1 so that T is transverse to X1 and X1

has a repelling periodic orbit O1. Now, consider a solid torus neighborhood ST1

around O1. X1 is transverse to the torus boundary T1 of ST1 and points inward to
M1 \ int(ST1) in T1. Define X2 = −X1 and let M2 be the supporting manifold of
X2. It follows that X2 has an attracting periodic orbit, which we denoted by O2.
Choose a solid torus neighborhood ST2 around O2 so that X points outward to
ST2 in the torus boundary T2 of ST2. We denote M ′i = Mi \ int(STi) for i = 1, 2.
Gluing M ′1 to M ′2 with a suitable diffeomorphism from T1 = ∂M ′1 to T2 = ∂M ′2 as
in [FW, §2 p. 162], we can construct an Anosov flow X satisfying:

(1) T is a transverse torus of X ,
(2) X is not transitive and
(3) Ω(X) ∩ T 6= ∅.

3. Useful lemmas

We start with a short description of C1 diffeomorphisms on regions of S2, the
2-sphere. By a region of S2 we mean a proper closed submanifold R of S2. It follows
that R is obtained from a closed disk D in S2 by removing a finite collection of
open disks in D (these are the holes of R). More precisely, there are s(R) ∈ N and
a disjoint collection of simple closed curves γ0(R), · · · , γs(R)(R) ⊂ S2 such that

• γi(R) bounds a closed disk Di(R) ⊂ S2 and if s(R) ≥ 1, then Di(R) ⊂
int(D0(R)), ∀i ∈ {1, · · · , s(R)};
• if s(R) ≥ 1, then Di(R) ∩Dj(R) = ∅, ∀i 6= j ∈ {1, · · · , s(R)};
• R is either D0(R) (if s(R) = 0) or D0(R) \

(⋃s(R)
i=1 Di(R)

)
(otherwise).

Under such notation we have the following lemma. It seems to be well known
and we prove it here for completeness.

Lemma 3.1. Let U be a region of S2 and f : U → f(U) ⊂ int(U) be a C1

diffeomorphism. If

Λ∗ =
∞⋂
n=0

fn(int(U)),
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then there is a region U∗ ⊂ U of S2 satisfying:
1) f(U∗) ⊂ int(U∗);
2) Λ∗ =

⋂∞
n=0 f

n(int(U∗));
3) if s(U∗) ≥ 1, f(γi(U∗)) is not null-homotopic in U∗, ∀i ∈ {1, · · · , s(U∗)}.

Proof. Let R be the collection of all regions R ⊂ U of S2 such that f(R) ⊂ int(R)
and Λ∗ =

⋂∞
n=0 f

n(int(R)). Clearly R 6= ∅ since U ∈ U . Then there is U∗ ∈ R
such that s(U∗) ≤ s(R) for every R ∈ R.

Let us prove that U∗ satisfies properties (1)–(3). Indeed, (1) and (2) hold by
the definition of R. To prove (3) we assume s(U∗) ≥ 1 and denote s = s(U∗),
γi = γi(U∗), Di = Di(U∗) for i ∈ {1, · · · , s}.

Suppose by contradiction that (3) fails, i.e., there is i0 ∈ {1, · · · , s} such that
f(γi0) is null-homotopic in U∗. Then f(γi0) bounds a closed disk D ⊂ U∗. Define

W ∗ = f(U∗) ∪D.
We have the following properties.

Claim 3.2. W ∗ is a region in S2 and s(W ∗) < s.

Proof. Since f is a diffeomorphism, we have that f(U∗) is a region of S2 with
∂f(U∗) = f(∂U∗). In particular, s(f(U∗)) = s(U∗) and ∀i ∈ {1, · · · , s} there is a
unique j ∈ {1, · · · , s(f(U∗))} such that f(γi) = γj(f(U∗)).

If f(γi0) = γ0(f(U∗)), then D0(f(U∗)) = D because f(U∗) ⊂ int(U∗). This
implies that W ∗ = D and so W ∗ is a region with s(W ∗) = 0. Since s ≥ 1, by
assumption, we have that s(W ∗) < s in this case.

If f(γi0) 6= γ0(f(U∗)), we have that W ∗ is obtained by attaching the disk D to
f(U∗) along f(γi0). Then, W ∗ is a region with s(W ∗) = s− 1. Since s− 1 < s, we
have that s(W ∗) < s in this case as well. This proves Claim 3.2.

Claim 3.3. f(W ∗) ⊂ int(W ∗).

Proof. This follows from the following inclusions,

f(W ∗) = f (f(U∗) ∪D) ⊂ f(int(U∗)) = int(f(U∗)) ⊂ int(W ∗).

This proves Claim 3.3.

Claim 3.4. Λ∗ =
⋂∞
n=0 f

n(int(W ∗)).

Proof. Observe that Λ∗ ⊂ int(W ∗) and so Λ∗ ⊂
⋂∞
n=0 f

n(int(W ∗)) because f(Λ∗) =
Λ∗. On the other hand, since int(W ∗) ⊂ U∗, we have

∞⋂
n=0

fn(int(W ∗)) ⊂
∞⋂
n=0

fn(int(U∗)) = Λ∗,

since U∗ ∈ U . So Λ∗ =
⋂∞
n=0 f

n(int(W ∗)). This proves Claim 3.4.
The above claims imply W ∗ ∈ R and s(W ∗) < s = s(U∗), a contradiction since

R ∈ R → s(R) is minimal at R = U∗. Then property (3) holds. The proof of
Lemma 3.1 is completed. �

The lemma below is straightforward. Recall that a hyperbolic periodic orbit O
is saddle-type if it satisfies dimEs = dimEu = 1.

Lemma 3.5. Let X be a flow with a transverse surface S on M . If σS is a
hyperbolic saddle-type periodic orbit of X, then there are simple closed curves Cji ⊂
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S ∩W j
X(σS) (i = 1, 2, j = u, s) such that

Dom(Π) = S \ (Cs1 ∪ Cs2) and Im(Π) = S \ (Cu1 ∪ Cu2 ).

Proof. We shall construct Csi (i = 1, 2) since the construction of Cui can be done
by applying the same argument to −X . Assume that σS is a hyperbolic saddle-
type periodic orbit of X and fix p ∈ σS . Then, both W ss

X (p) and Wuu
X (p) are

one-dimensional.
Denoting by t0 ∈ R+ the period of σS , we have Xt0(W γ

X(p)) = W σ
X(p) for

γ = ss, uu. In particular, W s
X(p) is either a cylinder or a Möbius band provided

Xt0/W
s(p) is orientation-preserving or orientation-reversing (resp.). Similarly for

Wu
X(p).
A closed interval in W ss

X (p) is called a fundamental domain if its boundary
points are a and b = Xt0(a) (in the orientation-preserving case) or else a and
b = X2t0(a) (in the orientation-reversing case). It is clear that p does not belong
to any fundamental domain.

Now, take a fundamental domain I of W ss
X (p) sufficiently close to the orbit of p.

Clearly ∀q ∈ I the backward orbit of q meets S. If we denote by π the backward
first intersection map induced by X from I to S, we have that π(a) = π(b). In
particular, Cs1 = π(I) is a simple closed curve in S.

Note that in the orientation-preserving case we can find a fundamental domain in
W ss
X (p) different from I. It is such a fundamental domain that produces the simple

closed curve Cs2 (for this we just consider its first intersection map as before).
It is not difficult to see that Dom(Π) = S \ (Cs1 ∪ Cs2) as claimed in the lemma.

Indeed, the forward orbits starting at S and not returning to S are necessarily
contained in W s

X(p). So, such orbits cross every fundamental domain of W ss
X (p)

once. This completes the proof. �
Proposition 3.6. Let X be an Axiom A flow with a transverse surface S on M . If
X has a unique orbit that does not intersect S, then σS is a hyperbolic saddle-type
periodic orbit.

Proof. First we prove that σS is neither an attracting nor a repelling set. Indeed,
suppose that σS is attracting and define

lS = {x ∈ S : Xt(x) ∩ S = ∅, ∀t > 0}.
Clearly lS is a closed subset of S. lS is not empty. Indeed, consider a neighborhood
U of σS such that Xt(U) ⊂ U (t > 0) and

σS =
⋂
t>0

Xt(U).

This neighborhood exists because σS is an attracting set. Clearly we can choose U
close enough to σS such that

U ∩ S = ∅.
Since U is open and σS is closed, there is x ∈ U \ σS . Since U ∩ S = ∅, Xt(U) ⊂ U
for t > 0 and x ∈ U , we have that Xt(x) /∈ S for every t > 0. Then, since x /∈ σS , it
follows that there is a first tx > 0 such that y = X−tx(x) ∈ S. Note that Xt(y) /∈ S
for every t ∈ (0, tx] by the definition of tx. In addition, Xt(y) = Xt−tx(x) ∈ U , and
so, Xt(y) /∈ S for every t > tx. This proves that Xt(y) /∈ S for every t > 0 proving
y ∈ lS 6= ∅. Since σS is an attracting set, we conclude that lS is a nonempty open
and closed set of S. Since S is connected we conclude that lS = S. We claim that
Ω(X) ⊂ σS . Indeed, suppose by contradiction that there is x ∈ Ω(X) \ σS . Since
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x /∈ σS , it follows that there is a point y in the orbit of x belonging to S. Since
Ω(X) is invariant, y ∈ Ω(X). But lS = S and so there is a first ty > 0 such that
Xty(y) ∈ U . It follows that there is a neighborhood V of y such that Xty(V ) ⊂ U .
This is a contradiction since y ∈ Ω(X), Xt(U) ⊂ U (t > 0) and U ∩ S = ∅. This
proves Ω(X) ⊂ σS . Now, let x ∈ S and y ∈ αX(x). It follows that y ∈ Ω(X) and
so y ∈ σS . But this is impossible since σS is attracting and x /∈ S. This proves
that σS cannot be attracting. The same argument applied to −X proves that σS
cannot be a repelling set.

Second we prove that σS is not a hyperbolic singularity. For this, suppose by
contradiction that σS is. Since σS is neither attracting nor repelling, we have
that σS is saddle-type. Using dim(M) = 3 we have that dim(W s

X(σS)) = 2
and dim(Wu

X(σS)) = 1 by reversing the flow direction if necessary. As in the
proof of Lemma 3.5, one sees that Dom(Π) = S \ Cs for some simple closed
curve Cs ⊂ W s

X(σS) (recall that Π is the return map). Moreover, recalling that
Im(Π) = Π(Dom(Π)) denotes the image of Π, we have that Im(Π) = S \ {two
points}. In particular, Cl(Im(Π)) = S. Analyzing the return map in a linear
flow box around σs given by [dMP, Grobman-Hartman Theorem] we would have
that either Cl(Im(Π)) contains an embedded S2 (if Cs is null-homotopic in S) or
Cl(Im(Π)) is diffeomorphic to the closed surface S′ obtained by cutting S open
along Cs and capping the resulting circle boundaries with 2-disks (otherwise). The
first case would imply that S = Cl(Im(Π)) is disconnected, a contradiction. The
second case would imply that S is diffeomorphic to S′, again a contradiction. These
contradictions show that σS is not a hyperbolic singularity.

Finally, we prove the proposition. Since X has a unique orbit that does not
intersect S, we have that σS is a closed orbit, and so, σS is either periodic or
singular. Since X is Axiom A, we have that σS is hyperbolic. Since σS is not a
hyperbolic singularity, we have that σS is a hyperbolic periodic orbit. Since σS is
neither attracting nor repelling, we have that σS is saddle-type. This finishes the
proof. �

4. Proof of the Theorem and the Corollary

We start by proving a lemma dealing with the existence of attracting or repelling
periodic orbits for Axiom A flows with a transverse surface.

Lemma 4.1. Let X be an Axiom A flow with a transverse surface S. If there are
a disk D ⊂ S and an integer n ≥ 1 satisfying:

1) D,Π(D),Π2(D), · · · ,Πn−1(D) ⊂ Dom(Π);
2) Πi(D) ∩Πj(D) = ∅, for i 6= j ∈ {1, · · · , n− 1};
3) D ⊂ int(Πn(D)),

then X has either an attracting periodic orbit or a repelling periodic orbit.

Proof. Recall that Π denotes the return map induced by X in S. Denote by Π−1

the inverse of Π. Define U = Πn(D) and F = Π−n/U . Then, U is a disk, F is a
diffeomorphism and F : U → F (U) = D ⊂ int(U) by the hypothesis (3). Similarly,
the inverse G = Πn/D : D → G(D) = U of F is a diffeomorphism.

Next, we consider two copies U1, U2 of U and two copies D1, D2 of D. Note that
F : U1 → D1 and G : D2 → U2. Define A1 = U1 \ D1 and A2 = U2 \ D2. Both
A1 and A2 are annuli, and so, they are diffeomorphic. Then S2 = U1 ∪φ U2 for a
suitable diffeomorphism φ : A1 → A2. Using φ we can construct a diffeomorphism
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H : S2 = U1∪φU2 → S2 such thatH/U1 = F , H/D2 = G and Ω(H) = Ω(F )∪Ω(G).
But Ω(F ) = Ω(X) ∩ U1 since F is the return map induced by −X . Since X
is Axiom A, we conclude that Ω(F ) is hyperbolic and the closure of its periodic
points. Similarly, Ω(G) is hyperbolic and the closure of its periodic points. Then
H is an Axiom A diffeomorphism. By [Pl, Corollary 1] we have that H has either
an attracting or a repelling periodic point x. Since both F and G are flow defined,
it follows that x belongs to an attracting or a repelling periodic orbit of X . This
proves the result. �

Next we remember the definition of essential orbit given in the Introduction.

Definition 4.2. Let X be a flow and S a surface transverse to X . An orbit O
of X is essential for S if there is no simple closed null-homotopic curve in either
W s
X(O) ∩ S or Wu

X(O) ∩ S.

Proof of the Theorem. Let X , T and O be as in the statement of the theorem. By
Proposition 3.6, we have that σS is a hyperbolic saddle-type periodic orbit. In
particular, X has no singularities. By Lemma 3.5, there are simple closed curves
Cji ⊂ T ∩W

j
X(σT ) (i = 1, 2, j = s, u) such that

Dom(Π) = S \ (Cs1 ∪ Cs2) and Im(Π) = S \ (Cu1 ∪ Cu2 ).

There are two cases, namely, Cs1 and Cs2 are either equal or disjoint. We shall
assume the latter case since the former one is simpler.

Assume that the hypothesis (*) below holds:
(*) X has neither attracting periodic orbits nor repelling periodic orbits.

To prove the theorem we have to prove that X is transitive. To prove that X
is transitive we assume by contradiction that it is not. Then there is a spectral
decomposition Ω(X) = Λ1 ∪ · · · ∪ Λl of Ω(X), where the Λi’s are basic sets of
X . One of these basic sets (Λ = Λ1 say) is an attractor and one of them is
a repeller. Since X has no singularities, (*) implies that both Λ1 and Λ2 are
strange. Clearly σT belongs to (only) one of the basic sets. Then reversing the
flow direction if necessary, we can assume that σT ∩Λ = ∅. Since Λ is a hyperbolic
strange attractor of X , we have that Λ∗ = Λ ∩ T is a hyperbolic strange attractor
of Π. In particular, dimEu/Λ∗ = 1. Replacing Π by a power Πn if necessary
we can assume that Π(Λ∗) = Λ∗. Henceforth Λ∗ is connected. So, there is a
connected compact neighborhood U ⊂ int(T \Cs1) of Λ∗ such that if f = Π/U , then
f : U → f(U) ⊂ int(U) and Λ∗ =

⋂
n∈N f

n(int(U)). Note that U ⊂ Dom(Π).
Since O is essential for T , we have that Cs1 is not null-homotopic in T (see

Definition 4.2). Thus, the surface-with-boundary A obtained by cutting T open
along Cs1 is an annulus which clearly embeds into S2. Note that int(T \Cs1) ⊂ int(A)
and so U ⊂ int(A). Since A embeds into S2, we have that U is a proper connected
subset of S2. Using Lyapunov functions [S], we can assume that U is a region of
S2. Then, by Lemma 3.1, there is a region U∗ ⊂ U of S2 satisfying the properties
(1)–(3) in that lemma. Following the notation at the beginning of §3, we denote
s = s(U∗), γi = γi(U∗) and Di = Di(U∗) for i ∈ {1, · · · , s}.

Since dimEu/Λ∗ = 1, we have by [R, Theorem 9.1, p. 304] that s ≥ 3.
Define

Γ = {i ∈ {1, · · · , s} : γi bounds a disk D(i) ⊂ Dom(Π)}.
Then we have the following properties.
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Claim 4.3. Γ 6= ∅.
Proof. Since U∗ ⊂ U ⊂ Dom(Π) = T \ (Cs1 ∪ Cs2), we have

γi ∩ (Cs1 ∪ Cs2) = ∅, ∀i.
On the other hand, U∗ ⊂ U ⊂ int(A) and A is an annulus. Since s ≥ 3, there is
i ∈ {1, · · · , s} such that γi bounds a disk D ⊂ int(A). In particular, D ∩ Cs1 = ∅.
If D ∩ Cs2 6= ∅, we would have Cs2 ⊂ int(D) (otherwise γi ∩ Cs2 6= ∅ contradicting
γi ∩ (Cs1 ∪Cs2) = ∅) and so Cs2 would be null-homotopic in T , a contradiction since
σT is essential. So, D ∩ Cs2 = ∅. Since Dom(Π) = T \ (Cs1 ∪ Cs2), we conclude that
D ⊂ Dom(Π), and so, i ∈ Γ since γi bounds D. This proves Claim 4.3.

Claim 4.4. If i ∈ Γ, then Π(D(i)) ⊂ Dom(Π).

Proof. Since f(U∗) ⊂ U∗ ⊂ U ⊂ Dom(Π), we obtain

f(γi) ∩ (Cs1 ∪ Cs2) = ∅, ∀i.
Fix i ∈ Γ. Since Π is a diffeomorphism, we have that Π(D(i)) is a disk in T with
boundary ∂Π(D(i)) = f(γi). If Π(D(i)) ∩ Cs1 6= ∅, we would have Cs1 ⊂ Π(D(i))
(otherwise f(γi)∩Cs1 6= ∅, contradicting f(γi)∩ (Cs1 ∪Cs2) = ∅) and so Cs1 would be
null-homotopic in T , a contradiction since σT is essential. So, Π(D(i)) ∩ Cs1 = ∅.
Similarly, we use f(γi) ∩ (Cs1 ∪ Cs2) = ∅ in order to prove Π(D(i)) ∩ Cs2 = ∅. Since
Dom(Π) = T \ (Cs1 ∪Cs2), we conclude that Π(D(i)) ⊂ Dom(Π). This proves Claim
4.4.

Claim 4.5. If i ∈ Γ, then ∃j ∈ Γ such that D(j) ⊂ int(Π(D(i))).

Proof. Fixing i ∈ Γ we have that D′ = Π(D(i)) is a disk and D′ ⊂ Dom(Π) by
Claim 4.4. Since Dom(Π) ⊂ int(A), we conclude that D′ ⊂ A. Note that ∂D′ =
f(γi). In addition, D′ is not contained in U∗ for otherwise f(γi) would be null-
homotopic in U∗ contradicting the property (3) of Lemma 3.1. So, ∃j ∈ {1, · · · , s}
such that γj ∩D′ 6= ∅. Since ∂D′ = f(γi) ⊂ int(U∗), we conclude that γj ⊂ int(D′)
(otherwise γj ∩ f(γi) 6= ∅ contradicting f(γi) ⊂ int(U∗)). Since D′ is a disk and
γj ⊂ D′ is a simple closed curve, we have that γj bounds a disk D′′ ⊂ D′ = Π(D(i)).
Since D′ ⊂ Dom(Π), we conclude that D′′ ⊂ Dom(Π). Since D′′ ⊂ Dom(Π) and γj
bounds D′′, we conclude that j ∈ Γ and D(j) = D′′ ⊂ int(Π(D(i))). This proves
Claim 4.5.

Let us finish the proof of the Theorem using the above claims. By Claim 4.3
we can choose i1 ∈ Γ. By Claim 4.4 we have that Π(D(i1)) ⊂ Dom(Π). By Claim
4.5 ∃i2 ∈ Γ such that D(i2) ⊂ int(Π(D(i1)) ⊂ Dom(Π) and so on. In this way we
construct a sequence i1, i2, ..., il ∈ Γ such that

D(ik+1) ⊂ int(Π(D(ik))

for every k = 1, · · · , l − 1. Since Γ is finite, we can assume that l is the first
positive integer such that i1 = il. It follows that D = Di1 and n = l − 1 satisfy
the hypotheses (1)–(3) of Lemma 4.1. Since X is Axiom A, we conclude by this
lemma that X has either an attracting periodic orbit or a repelling periodic orbit, a
contradiction by the hypothesis (*). This proves that X is transitive and the result
follows. �
Proof of the Corollary. Let X be an Anosov flow with a transverse torus T on a
closed 3-manifold. Suppose that X exhibits a unique periodic orbit that does not
intersect T . Let us prove that X and T satisfy the hypothesis of the Theorem.
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First we show that X has a unique orbit that does not intersect T . For this,
denote by O the unique periodic orbit of X that does not intersect T . It suffices to
show σT = O. Indeed O ⊂ σT by the definition of σT . To prove σT ⊂ O we assume
by contradiction it is not true. Then there is q ∈ σT \ O. Denote by Ω(X/σT )
the nonwandering set of X restricted to σT . Since σT is isolated, it follows that
Ω(X/σT ) is a finite disjoint union of basic sets (Spectral Decomposition Theorem).
Observe that a basic set either is a singularity or else has no singularities and
is the closure of its periodic orbits. Since X is Anosov, we have that X has no
singularities. We conclude that Ω(X/σT ) = O and so limt→±∞Xt(q) = O. In
particular,

q ∈ (W s
X(O) ∩Wu

X(O)) \O,
i.e., OX(q) is a homoclinic orbit of X associated to O. Note that OX(q) is transver-
sal since X is Anosov. It follows that H = Cl(OX(q)) is a hyperbolic set of X
containing O. Using OX(q) ⊂ H we can construct a periodic ε-pseudo-orbit Q ⊂ H
containing q such that the end points of Q are close to O. In particular, Q∩T = ∅.
By the Shadowing Lemma for Flows [KH, Theorem 18.1.6, p. 569] applied to the
hyperbolic set H , we can find a periodic orbit O′ that both shadows Q and passes
close to q. Since Q ∩ T = ∅ we have that O′ ∩ T = ∅ also. But O is the unique
periodic orbit of X that does not intersect X . So O′ = O. Since q is not in O and
O′ passes close to q, we arrive at a contradiction. This contradiction proves that
σT \O = ∅, i.e., σT ⊂ O. Henceforth σT = O as desired.

Second we prove that σT is essential for T . Indeed, since X is Anosov, we have
that the set

Fu = {Wu
X(x) : x ∈M}

is a continuous codimension-one nonsingular foliation ofM . SinceX is transverse to
T , we have that Fu = Fu∩T is a continuous one-dimensional nonsingular foliation
on T . Similarly for F s = Fs∩T . Clearly every closed curve γ in Wu

X(σT )∩T (resp.
W s
X(σT ) ∩ T ) is a leaf of Fu (resp. F s). To prove that γ is not null-homotopic in

T , we use the following standard argument: If γ were null-homotopic in T , then
γ would bound a disk D in T . As is well known, the foliation F s (resp. Fu)
restricted to D is orientable. Applying [HH, Poincaré-Bendixon Theorem] we show
that F s (resp. Fu) has a singularity in D, a contradiction. Henceforth γ is not
null-homotopic in T . We conclude that σT is essential for T . This proves that X
and T satisfy the hypothesis of the Theorem.

The Theorem implies that X either has an attracting periodic orbit or a repelling
periodic orbit or is transitive. But X has neither an attracting periodic orbit nor a
repelling periodic orbit for it is Anosov. So X is transitive and the proof follows. �
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